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Abstract 



In this paper, we discuss the solvability of backward stochastic differential equations 
(BSDEs) with superquadratic generators. We first prove that given a superquadratic 
generator, there exists a bounded terminal value, such that the associated BSDE 
does not admit any bounded solution. On the other hand, we prove that if the 
superquadratic BSDE admits a bounded solution, then there exist infinitely many 
bounded solutions for this BSDE. Finally, we prove the existence of a solution for 
Markovian BSDEs where the terminal value is a bounded continuous function of a 
forward stochastic differential equation. 

1 Introduction. 

Since the pioneer works on BSDEs of Bismut [2j and Pardoux-Peng [13], lots of works 
have been done in this area and the original Lipschitz assumption on the generator, 
i.e., the function g in the BSDE: 
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< t < T, 



(1.1) 
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has been weakened in many situations. Let us recall that, in the previous BSDE, we are 
looking for a pair of processes (Y, Z) which is required to be predictable with respect to 
the filtration generated by the Brownian motion B. One of the most important works 
in this direction is that of Kobylanski [12] concerning scalar-valued quadratic BSDEs 
with bounded terminal value. We should point out that quadratic BSDE means a 
BSDE whose generator has at most a quadratic growth with respect to the variable 
z. For these quadratic BSDEs, all the classical results, existence and uniqueness, 
comparison and stability of solutions, have been stated in [12] but with the restriction 
that the terminal conditions have to be bounded random variables. Recently, existence 
and uniqueness of solutions of quadratic BSDEs with unbounded terminal value were 
studied by Briand and Hu in [31 0] . 

In this paper, we study the solvability of superquadratic BSDE (jl.ip whose gener- 
ator g is superquadratic, i.e., 

lim — pj- = oo. 
|z|-»+oo \z\ z 

We shall study this BSDE with bounded terminal value. And in addition, we suppose 
that g is a deterministic convex (or concave) function which is independent of y with 
9(0) = 0. 

The first part of this paper shows the ill-posedness of these BSDEs. We first prove 
that given a superquadratic generator, there always exists a bounded terminal value, 
such that the associated BSDE does not admit any bounded solution. On the other 
hand, we prove that if the superquadratic BSDE admits a bounded solution, then there 
exist infinitely many bounded solutions for this BSDE. And finally, we show that the 
monotone stability, which plays a crucial role in quadratic BSDEs (see, e.g., (T2"l [3]). 
does not hold. 

In the second part of this paper, we study BSDE (jl.ip in the Markovian case, i.e., 
the terminal value 

£ = 

where the diffusion process X is the solution to the SDE: 

X s = x+ I b(r,X r )dr+ adB r , t<s<T. (1.2) 
Jt Jt 

It is by now well-known (see, e.g., [21 [121 H] ) that, if g is Lipschitz or quadratic, 
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there exists a link between the solution of (|l.ip and that of the following PDE: 

u t (t, x) + ^trace(aa T u xx (t, x)) + u x (t, x)b(t, x) - g(-u x (t, x)a) = 0, 
< (1-3) 
u(T,x) = *(a?). 

This type of PDE (called viscous Hamilton- Jacobi equation) is already well studied 
when a is the identity and g(z) = — \z\ p , see, e.g., Gilding et al. [lUj and Ben-Artzi et 
al. pp. In particular, in [TO], they established the existence and uniqueness of classical 
solution to this PDE when a is the identity. 

We prove that in the Markovian case, the BSDE (jl.ip admits a solution when is 
bounded and continuous. Moreover, if we define 

u(t,x) = Y t l ' x , 

then u is a continuous viscosity solution to PDE (jl.3p . We note that in our case, some 
kind of degeneracy of a is allowed, whereas in [TO] and pp, they assumed that a is the 
identity. 

A key idea to prove the existence in the Markovian case comes from the following 
a priori estimate of Z: 

\Z t \ < clMooiT - t)-^, 

where c > is a constant. We prove this inequality by using a stochastic argument 
based on BMO martingales and Jensen's inequality. Note that Gilding et al. |10] 
proved the same type of a priori estimate for u x when a is identity, by use of Bernstein's 
method. 

The paper is organized as follows: in the next section, we give some preliminaries 
about the connection between dynamic utility functions and BSDEs. Section 3 shows 
the ill-posedness in the general case. The last section is devoted to the proof of the 
existence of a solution in the Markovian case. 

2 Dynamic Utility Functions and Backward SDEs. 

Let {Bt,0 < t < T} be a <i-dimensional standard Brownian motion defined on a 
probability space (Q,J-,P). Let {J~t,0 < t < T} be the natural filtration of {Bt,t G 
[0, T]}, augmented by all P-null sets of T . 
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Before recalling the definition of dynamic utility functions, we need the following 
notations. 

L°°{J-t) '■= {£ : bounded and .F^-measurable random variable }, 
£ 2 T (0,T;M. m ) := {ip : M m -valued, {^i} <t<T-predictable and E \<p t \ 2 dt < oo}. 

We identify random variables that are equal P a.s. 

Definition 2.1. We call a dynamic utility function with the Fatou property any family 
of operators, indexed by stopping times a 



and satisfying: 

• (Al) Positivity: U a (0) = 0, E/ CT (f) > for all £ > 0. 

• (AS) Concavity: U ff (t£ + (1 - t)rj) > tU a (Q + (1 - t)U a (n), for allt,0 <t < 
1 and all £,r) G L°°. 

• (AS) Translability: U a (£ + a) = U a (£) + a, for all a G L 00 (•?>). 

• (A4) Fatou property: Given a sequence (£ n )n>i> such that sup||£ n ||oo < oo, 
then £, n I £, a.s. implies U a {^) = lim ri ^ 00 [/ -(^ n ) a.s. 

For a lower semi-continuous convex function / : R — > i? + U{oo} such that /(0) = 
and for £ G L°°(J-t), we define 



t/ CT (£) =ess.inf £ Q / /(g«)du 



(2.1) 



where a G [0,T] is a stopping time and the density process Epl-Ml^] = £(q ■ B) t = 
exp(Jj^ q u dB u —\ \q u \ 2 du). It is easy to prove that U is a dynamic utility function. As 
shown by Delbaen-Peng-Rosazza Gianin [7j , U is time consistent and all time consistent 
dynamic utility functions are of a similar form. 

Set C (Q) = Eq [ J T f(q u ) du] and V = {Q \ Q < P}. The utility function U can 
be defined by V . 

Lemma 2.1. For any £ G L°°{!Ft), 



U (0=MiE Q \Z + J f(q u )du 



QeV 



(2.2) 



Proof. For any Q G P with L t = Ep[^\j r t] = £{q • ^)t> using Ito's lemma we get 
that the density process of Q\ = XQ + (1 — A)P is £(q\ ■ B) with 

XL t q t 



-1 



{t<r}, 



AL( + (1 — A) 

where r = inf {t £ [0, T] | Lt = 0} A T is a stopping time. 
Then from the convexity of /: 

(■r 



C (Qx) = E Q> 



o 



Ep 



XLt 

„ XL t + {l-X) 
XL t f(q(t))dt 



f(q(t))dt 



o 



E. 



Q 



Xf(q(t))dt 



= ACo(Q), 

where A G [0, 1], we deduce that lim^_ > iCo(QA) < Co(Q)- 
Notice that for any A G [0, 1), is equivalent to P. Thus 



inf <^ £?, 



e + / f(q u ) du 



QeP}>mfiE Q £ + / f{q u )du 



Q~P 



Since {Q \ Q ~ P} C {Q | Q < P}, we have 



^0(0 =mf<JPQ £ + y /(?„)d« 



Q G P 



Remark 2.1. T/ie function Cq : P — > P+ is lower semi- continuous (just use Fatou's 
lemma) and convex. A duality argument then shows that for Q G P 



C (Q)=sup{p Q K] I U (0>0} 



In other words C$ is the minimal penalty function as defined in Follmer-Schied f^. 
We also remark that for Q<P, the previous reasoning and the lower semi- continuity 
imply C (Qx) -> C (Q). 

However, for a stopping time a, U a (^) cannot be the essential infimum over P P 
a.s. Instead, by the similar technique as that in Lemma |2.1|, we have: 



5 



Remark 2.2. For any measure Q* G V and £ G 7°°(.7t) 



U a (0 = ess.inf j£ Q + y /(g u ) dn 
/or any stopping time a G [0, T] and, 



Q eV,Q ~ P on F a }, P a.s., (2.3) 



[7,(0 =ess.inf £ Q £ + / /(ft*) du 



QgP,Q*<QL Q* a.s 



(2.4) 



Proposition 2.1. For any £ G L°°(Tt), the dynamic utility function U defined by 
\2. 1\) has the following properties: 

1) For all Q <C P, we have that Ut{£) + Jq M f(q u ) du is a Q-submartingale where 
t = w£{t G [0,7] | L t = 0}. 

2) If there is a probability measure Q <C P with ?7o(0 = Eq[£ + JJ" f(q u ) du], then 
Ut(£) + Jq AI f{q u ) du is a Q-martingale. 

Proof. 1) For any s <t, it follows from Remark 12.21 that for any Q <C P, 

/•rAt 

Ut{t)+ f(q u )du 

JtAs 



Eq 

= E Q 
> ess.inN E, 



(ess.inf q/ ^ p {e q , [f + / f (q' u ) du\F t ]} + j f{q u )du 



> ess.inf< E, 



tAs 
T 

tAs 



f{q'L)du 
fiq'Ddu 



Qu — Qu + ^{rAs<u<t}(Qu — q' u ) 

Q" G V, Q « Q" 



> 17,(0, <9 a.s. 



tAs 



, Q a.s. 



Hence, 

C(0 + ^ /(?«) <*« < Eq [U t (0 + I /( r/„ ) d„ 
Therefore, we have Ut(£) + Jq M f(q u ) du is a Q-submartingale. 

2) As Q is absolutely continuous with respect to P, it follows from the result we just 
proved, that 



rAt 



U (0<E Q U t (0+ f(q u )du 
L Jo 

Combining J7q(£) = 7£q[£ + j* T /(g u ) dn] with the inequality (|2.5|) . we have 



(2.5) 



This implies that 



Ut® = E Q 



rAt 



f /(««) 



du 



, Q a - s - 



Thus U t (£) + /J" /(<?„) du = Eq[£ + /J" /(g u ) dn|J" t ] is a Q- martingale. 
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(2.6) 
□ 



Remark 2.3. In the above proposition, r can be replaced by T since Q[r = T] = 1. 

Remark 2.4. In particular, we have that the process {Ut(£), t £ [0, T]} is a P- 
submartingale. Thus there exists a cddldg version. 

For any £ G L°°{Tt), \Ut(£)\ <|| £ lloo- So applying the Doob-Meyer decomposition 
theorem, there exists a unique nondecreasing predictable process {A t }o<t<T with Aq = 
and a continuous martingale {M t }o<t<T with Mq = 0, such that 

Ut(O = U (Z)+A t -M t . (2.7) 

Lemma 2.2. For all £ G L°°{Tt), the martingale part {M t }o< t <T ofU(£) induced by 
the Doob-Meyer decomposition theorem is a BMO-martingale. 

Proof. For a given £ G L°°{Tt), |^t(OI —II £ lloo- Then applying Ito's formula to 
(U t (0+ II £ Hoc) 2 , we get 

cT 



(U t (0+ II £ lloo) 2 + d{M,M) t 

(£+ || £ Hoc) 2 - 2 / (£/ s -(0+ II Z lloo) cL4 s - / dK s 
Jt Jt 

+2 J\u,-(Z)+ || £ |U)dM s , 



where 



r<s 

is an increasing process. Hence, 



k s ■.= ^{(Ur(o+n\u 2 -(u r .(o+n\ 

r<s 

-2(U r -(Z)+ ||^ ||oo)(^r(0-^r-(0)} 

= J2(u r (0-u r -(o) 2 



) 2 

oo J 



(U t (0+ II £ Hoc) 2 + [ T d(M,M) s <(£+ || e lloo) 2 H- 2 /V s _(0+ || £ 
from which we deduce, for any stopping time < <r < T, 



idM s 



/ d(M,M) t 



*P<7 



<*n\\l 



Therefore, || M \\bmo 2 ^ 2 || £ Hoc which completes the proof. 
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The predictable representation theorem implies that there exists a predictable pro- 
cess Z e C 2 jr(0, T; R d ) such that 



r-t 

M t = I Z s dB s . (2. 
o 



So we get 



U t (0 = U (0 + A t - f Z s dB s . (2.9) 
J o 

If g : R d — > R + U {oo} is the Fenchel-Legendre transform of /: 

g(z) = sup (zx - f(x)), 

then g is also convex and g(0) = 0. 

We make the standard assumption such that both f and g are finite. We do not 
treat the case where / or g can take the value +oo. This case is similar and only 
requires cosmetic changes. To make the paper simpler, we dropped this more general 
case. 

Theorem 2.1. Let U be the dynamic utility function defined by \2. 1\) and let Uq{^) + 
At — J Z u dB u be its decomposition. 

1) We have 

dA t >g(Z t )dt,Pa.s. (2.10) 

2) Suppose that for some £ G L°°{J-t) there is a probability measure Q* ~ P with 
U (0 = E Q , \i + J T f(q* u ) du], then dA t = g(Z t ) dt and 

U t (0 = U (O + f g{Z u ) du - ! Z u dB u . (2.11) 
J o J o 

Proof. 1) For £ G L°°{J-t) and any Q ~ P, it follows from the decomposition that 

dU t (0 + f(qt)dt = dA t - Z t dB t + f(q t )dt (2.12) 
= dA t - Z t q t dt + f{q t )dt- Z t dBf, (2.13) 

where is a Q— Brownian motion. This implies that dAt — Ztqtdt + f(qt) dt defines a 
non-negative measure since Ut(£) + / rA * f(q u ) du is a Q-submartingale for any Q ~ P. 
Hence 

cL4 t > ^ tft tft - f(q t ) dt. 
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By taking q n = g'(Z)ln z \ <n \ in the above inequality and by letting n tend to infinity, 
we get dAt > g(Zt) dt. 

2) If for £, there is a measure Q* ~ P with t/o(£) = Eq* [£, + Jq T du] , then it follows 
from Proposition 12.11 that Pt(£) + J * /(gj) c?u is a C;*-martingale. Thus applying (|2.13p 
with Q*, we get 

dA t = (Z t q* t -f(q* t ))dt Q* a.s. 

Since Q* ~ P, we have 

dA t = (Z tq ;-f(q* t ))dt Pa.s. (2.14) 
Finally combining (|2.10p and (|2.14p with the definition of g, it follows that 
g(Z t ) dt > (Z t q* t - f{q* t )) dt = dA t > g(Z t ) dt P a.s. 

□ 

In general we can decompose A further and get: 

Corollary 2.1. For any £ G L°°{J-t), there exists an increasing predictable process 
{Ct}o<t<T with Co = such that 

U t (0 = P (£) + [ g(Z u ) du- f Z u dB u + C t . (2.15) 
Jo Jo 

Our main result is the following. 

Theorem 2.2. Let U be the dynamic utility function defined by \2.1\) . Then the 
following are equivalent: 

1. lim NHoo ^ > 0; 

2. hm^i^^ < oo; 



3. For all k > 0, the set {Q \Cq{Q) < k} is weakly compact; 

4- For all £ G L°°{Tt), there exists a measure Q <C P such that Uq{£) = Eq 
Jo f(qu)du 



£ + 



5. For all £ G L°°{J-t), there exists a measure Q ~ P sitc/i i/iaf Po(£) = Pq 
J T f{Qu)du ; 

6. For all £ G L°°(Ft), the BSDE dY t = g(Z t ) dt — Z t dB t has a unique bounded 
solution with = £. 
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7. Uq is strictly monotone. 



Proof. 1 44> 2: Point 1 implies that there exist positive constants a, b £ -R+ such 
that /(x) > a|x| 2 — b. We then get 

g(z) = sup fax — f(x)) < sup fax — a|x| 2 + b) < — \z\ 2 + b 



which shows that lim. 



fl(*) 

w 



< oo. The proof of the implication 2 =>• 1 is similar. 



1 3: It suffices to verify that for any k> 0, | ^ C (Q) = Eq f£ f(q u ) du < fc j 
is uniformly integrable. The Dunford-Pettis theorem then shows that the set is weakly 
compact. 

Since /fa) > a\x\ 2 — b, we get 



k > E, 



Q 



f(q u )du 



Uo 



> 



\q u \ 2 du 



Uo 



b. 



Therefore, 



f T \ I 
Jo 



du 



< a, 



where a = is a positive constant independent of Q. It follows from 



i r /-fa 
2 Eq [Jo m 



du 



Eq 
Eq 



[ q u dP>® + - / \q u \ 2 du 
Jo 1 Jo 

I q u dB u - - I \q u \ 2 d 
Jo 1 Jo 



■ dQ 
l ° S dP 



that for any k > 0, 



dQ 
dP 



E ( 



r f(qu) 

Jo 



du 



Ep 



dQ^ dQ 
dP l ° g dP 



< a 



(2.16) 



From the de la Vallee Poussin theorem, we conclude that 
dQ r <- T 



dP 



f(q u ) du 



< k > is uniformly integrable. 



3 1 We prove it by the contradiction. Suppose lim 

exists a sequence {x n \°°_ n such that limn^oo \x n \ = oo and lim n _ ., 

q n = x n l[ 0i(5nA T] where b n = \j (-^j^|x„| 2 ) . It follows from 



\x\-+<J$ = °' then there 

f( x n) — n Put 
n^oo uT 1 2 — u - L ut 



Co(Qn) = £ Qrl 



f(q n {u))du 



10 



< 



'/far 



o. 



(2.17) 



that for all k > 0, there exists N > such that the sequence {^}%L N Q {%p \C (Q) < 
k}. Furthermore, we have 



which shows that -Mr = £(q n ■ B)t — ► 0, a.s. as n —> oo. Thus {-jp-}^ =N is not 
uniformly integrable. 

3 44> 4: It is a conclusion induced by the James' theorem as shown in Jouini- 
Schachermayer-Touzi's work [1 lj . 

4 44> 5: It is obvious that point 5 implies point 4. For the proof of the inverse 
implication, we use the fact that condition 4 is equivalent to condition 2. In this case, 
by convexity, there exists a positive constant c such that |</(£)l — C (M + !)• F° r 
any £ G L 00 ^^), there is a measure Q <C P such that Uq{£) = Eq[£ + f(q u )du], 
then, by Proposition 12.11 ^t(£) + Jq M f(lu) du is a Q-martingale where r = inf{f G 
[0, T] | £(g • S) t = 0} A T. It follows from ([2TT3D that 

dA t = (Z t q t - f(q t ))dt m®Q a.s. on [0,r], 

where m is the Lebesgue measure on [0, T\. Since dA t > g{Z t ) dt, m® Q a.s., we get 

g(Z t ) = Z t q t - f(q t ) m®Qa.s., 

which implies qt = g'(Zt) on [0, r]. We then have 



5 => 6: For a given £ G L 00 (J r r), if there exists a measure Q ~ P such that l^q(C) = 




(2.18) 





0. Hence Q ~ P. 



^<9 £ + Jo f( a u)du , it follows from Lemma 12.11 that {Ut,Zt} 
the following BSDE: 



0<t<T 



is a solution of 



< 



dY t = g(z t ) dt - ZtdB t , 
Y T = i, £GL°°(.F T ); 



< t < T; 



(2.19) 



Y is bounded 
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where E 



Jo\zt\ 2 dt 



< oo and E 



Jq g(zt)dt < oo. Since, as we have proved above, 



condition 5 implies ]ha. z -+ 0O TTT < oo, the BSDE has a unique bounded solution ac- 
cording to Kobylanski |12j . 

6 => 2 We will prove this in the next section. See Theorem 13.11 
5 =>- 7 For any £ £ L°°(Ft), there exists an equivalent measure Q ~ P such that 
U (0 =E Q [i + / T f(q u ) du] with § = S(q-B). 

Suppose that Uo(rj) = £7q(£) for some r\ 6 L°°(Ft) with rj < ^, P a.s. Since 



T 



/ f(q u )du 



< Er 



t + / /(<Zu) d« 
o 



we have Sq[£ — jy] =0, hence £ = rj, Q a.s. Thus £ = rj, P a.s. and f/o is strictly 
monotone. 

7 =£- 2 See Remark 13. 2| Remark 13.51 or Example 13.11 □ 
We have proved that in the case when the generator g is at most quadratic, the 

dynamic utility function U is the solution of BSDE (|2.19p . In general, however, we 

have the following inequality. 



Lemma 2.3. For any £ G L°°(Ft), if BSDE \2.19\) has a bounded solution Y, then 
we have U(£) > Y. 



Proof. Y is bounded. The following calculation is therefore justified: 



E, 



Q 



£ + f f(qu)du 



Ft 



Yt + E Q 
Yt + E Q 



/ g(Z u ) du- I Z u dB u + / f(q u ) du 
Jt Jt Jt 



F 



[g(Z u ) - Z u q u + /(?«)] du 



F 



> Yj, for any Q ~ P with £V 



f(q u )du 



< oo. 



3 Backward SDEs with superquadratic growth. 

In this section, we discuss the following BSDE(g, £): 

dY t = g(Z t )dt-Z t dB t ; 

y T = e, ul°°(f t ), 

12 



where g : R d — > -R+Uj+oo} is convex with g(0) = and superquadratic lim^^^T^ = 
oo. A pair of predictable processes (Y, Z) is called a bounded solution to BSDE (|3.1 
if 

Y : Q x [0, 21 R is bounded and 



Z : ft x [0, T] -> R d is such that E 



Jo g(z t )dt 



< oo. 
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Here for simplicity, we consider the BSDE with d = 1. However, the results remain 
valid for d > 1. 

3.1 Non-existence of the solution 

Different from the BSDEs with at most quadratic growth, the solution to the BSDE 
with super-quadratic growth does not always exist. 

Theorem 3.1. (Non-existence) There exists n £ L°°(.Ft) such that BSDE[3J\) with 
superquadratic growth has no bounded solution. 

Proof. The proof is divided into 4 steps. 
Step 1. We construct a pair of processes (X, Z), a measure Q as well as a bounded 
random variable 

Since lim^i^^yM = oo, there exists a sequence {zk}^^ such that lim^oo \zk\ = oo 
and g{z k ) > k\zk\ 2 - Without loss of generality, we suppose z k > 0. The other case is 
left to the reader. Thus we have 

9'(z k )>^>k.z k . (3.2) 

z k 

We put Z u 4 Y^=i ^ 1 [E fc <„4,E fe <„4)( u ) where 

1 



az k g'{z k )k 2 
and we set 



oo 



a - g Tz k g'(z k )ki < °°' 

in order to have 

Then from (|3.2h . we have 

/ fl^ti) du = g(z k )5 k < z k g'{z k )5 k = — ^ < °°' 
fc>i fe>i fe>i a 
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/ \Z U \ 2 du = Y, \*k?h < J2z k g'(z k )S k - = ^3 < 

J0 k>l k>l k>l 



CO. 



Let qt = g'{Z t ). It follows from 

/ \q u \ 2 du = ^2(g'(z k )) 2 5 k > kg'(z k )z k 5 k = ^ — = +00, 

J ° fc>l k>l k>l a 

that limt_>y£ (g • P)t = and £((7 • P) t > 0, P a.s. for any t <T. 
Let = J* g{Z u ) du — Jq Z u dB u . We stop X at a random time cr 

a 4 inf{£ G [0, T] | £(g • P) t > n} A inf {t G [0, T] | |X*| > n} A T 



(3.3) 



where n is a positive constant which is sufficiently large to ensure that P(a = T) > 0. 



dQ* 



dP 



£{q* ■ B) t and q$ = g' {Z t )l {t < a} . 



We then set a measure Q* with Pp 
We define f = X CT G L°°(F T ). 

Step 2. The measure Q* <^ P but it is not equivalent to P. 
Set A x = {a = T}. Then 

Q*{A 1 )= [ 8{q-B) a dP = [ £(q-B) T dP = 
J A! J A\ 

while P{Ai) > 0. Thus we have Q* 00 P and Q* < P. However, Q*(£)m ~ P(g)m 
where m is the Lebesgue measure since Q* ~ P on P^ for all t < T. Clearly 
(Xf, Z t l{ t < cr })o<t<T is a bounded solution of BSDE (g, £) where X t CT = X aAt - 

Step 3. In this step we prove that the dynamic utility function P(£) is the bounded 
solution of BSDE (g, £) flXI]) and U t (0 = Eq* [f + jf /«) ^1 for any t < T. 

As X a is a bounded solution of BSDE (g, £), we get 



U t (0 < E Q * t+ J f(q* u )du 



tAcr 



X? + E Q * 

x? + e q * 

X a t , Q* a.s. 



(/«) + 5 (Z U )) du 



Z u dB u 



F 



[/(<?«) +g( z u) - Z u q* u ]du 



tAcr 



F t 



(3.4) 



hence P a.s. because Q* ~ P on JT t for t < T. Combining Lemma 12.31 with inequality 
(13. 4p . we deduce that 
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X t CT , P a.s. for all i G [0,T). (3.5) 



Set n = £ + h where h G L™(F T ), P[h > 0] > and h ■ £(q* ■ B) a = 0. 

Step 4. We show that Ut(£) = Ut{rf), P a.s. for any t < T and hence BSDE (g,rj) 
has no solution. 

It follows from rj = £, Q*-a.s. that 

rT 



l/t(i7) < E Q *[r } + J f(q* u )du 
\ + f f{ql)du 



ft 



= Eq* 
= U t (0 for any t < T. 

Notice that U is monotone, i.e., Ut(£) < Ut(r]), and so we have Ut(£) = Utirf), P 
a.s. for any t < T. 

Suppose Y is a bounded solution of BSDE (g, rj), then we have for t < T, 

XI = U t (0 = U t ( V ) > Y t , 

and hence 

ri = Y T = lim Y t < lim Xf = XZ = £, P a.s., 

a contradiction to the fact that P\q > £] > 0. Therefore, BSDE (g, 77) has no solution. 

□ 



Remark 3.1. From this theorem, together with what we have proved in Theorem \2.%\ 
we get that BSDE (g, has a solution for all £ G L 00 (J r r) if and only if g is at most 
quadratic. 



Remark 3.2. From the proof, we get rj > £ with P(jj > £) > and £7o(£) = Uo(r)). 
Thus the utility function Uq is NOT strictly monotone when lirn. | 3 .|_ >0O ; ^p = 0. 

Although the BSDE (g, £) (|3.1j) does not always have a solution, in the following 



case it has. 

Definition 3.1. We say that a random variable £ G L°°{J-t) is minimal if rj < £ and 
Pfo < £] > imply U (v) < U (£). 

Theorem 3.2. Let £ G L°°(F T ) &e minimal. Then U(£) is a solution of BSDE (g, £). 

Proof. We prove it by contradiction. Let £ G L 00 (J r j') be minimal and suppose 
U(£) is not a solution of BSDE (g, £). Then it follows from Corollary 12.11 that there 
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exists an increasing process C with Co = such that P[Ct > 0] > and 



Ut(0 = f - T »(^«) + f T Z u dB u -C T + C t . (3.6) 
Jt Jt 

Define r := inf{i G [0,T]|C t > fc} AT, where fe > is such that P[C T > 0] > 0. 
Since C may have jumps, C r can be unbounded. However, r is predictable so there 
exists {-TnlJ^ such that r n | r and t„ < r on {r > 0}. It follows that C Tn < k and 
P[C Tn > 0] > for n big enough. Denote by a a stopping time r n for n big enough, 
then we have 

U t (0 -C t = U a {Z) -C a - J° g(Z u ) du + J* Z u dB u , 

which implies that (£W(£) - C tA(7 , ^l{ t < (J })o<t<T is a solution of BSDE (g, U a (£) - 
Co)- Thus by Lemma [2T3l we deduce 

u (0 = u (0 -C < U (U a (0 - C a ). 

On the other hand, it is clear that C/o(0 > Uo(U a ({;) — C a ). Therefore, we have 

u (0 = u (u a (t) - c a ). 

It follows from the above equality, the translability and the time-consistency of the 
dynamic utility function that 

U (0 = U (U a (0 - C a ) = U {U a (£ - C a )) = U (£ - C a ). 

This is a contradiction to the fact that £ is minimal. □ 

Remark 3.3. For g with at most quadratic growth ]im\ z \^^¥4z- < oo, it follows from 
Theorem \2.S\ that £ is minimal for all £ G L°°{J-t)- 

If g is super quadratic, there exists a bounded random variable £ such that ?7 (C) is 
a solution of BSDE (g, £) and C is not minimal. See Example 13.11 

3.2 Non-uniqueness of the Solution 

In this subsection, we shall prove that if the BSDE has a bounded solution, the bounded 
solution is not unique. The main reason is that the generator g is superquadratic which 
makes Jq g(Z r )dr grow much faster than §^Z r dB r . Following this observation, we can 
construct other solutions. 

16 



Theorem 3.3. (Non-uniqueness) If the BSDE (g, with superquadratic growth 
has a bounded solution Y for a £ G L^^t), then for each y < Yq, there are infinitely 
many bounded solutions {X t }o<t<T with Xq = y. 

Proof. Suppose (Y, Z) is a bounded solution of BSDE (g, £). Divide the time interval 
[0,T] into [T(l-2- n ),T(l-2- n - 1 )), where n = 0,1,2,... and denote a n = T(l-2" n ). 
Suppose the new solution (X, Z') has been constructed on [0, a n \ with Xq = y where 
y < Yq such that X an < Y an P a.s. Let us construct (X, Z') on the time interval 
[a n ,a n+1 ). 

Our idea is the following. Since g is superquadratic, we can construct a process 
X a „ + Vt, t G [a n , a n+ i) such that \im t ^ an+1 Vt = +°o, P a.s. and for any < s < 1, V% 
exceeds downwards —2~ n ~ 1 e with a very small probability. The fact that the solution 
Y is bounded implies that it is touched by the process X an + Vt because X an < Y an . 
We then get a new solution X t on this time interval [a n , a n+ i] by stopping X an + Vt 
when it reaches Y. 

First, let us construct the process Vt- 

It follows from lim^oo^^ = oo that there exists a sequence {xk}^L such that for 
any k > 0, 

1. g{x k ) > 4 n x 2 k ; 

2. x\ > ( -gfc_gfcii- ) gfc ( 5 where G (0, 1) is a constant and S n = a n+ \ — a n = 2~ n ~ 1 T. 

Set h = E^o x k \a n+1 -eH n , a n+1 -e^8 n ){t) and V t = g{b u ) du - b u dB u for 
any t G [a n , a n+1 ). 

We then have for t G [a n+i - Ar+1 (5 n , a n+1 - N+2 6 n ), 



N N 



[ &£du>£*2(^-0*%>X;l (3.7) 

• /q " fc=0 fc=0 

/* y(6u) du >4 n f bldu>4 n J2^- (3-8) 



Thus lim t ^ Qn+1 b 2 u du = oo and lim t _ Qn+1 5 (6 U ) = oo. 
Step 1. We have lim t ^. an+1 Vt = +oo P a.s. 

Define 4>(t) = b\du for t G [a n ,a n+ i). Then is strictly increasing with 
4>{a n ) = and 

lim (f)(t) = +oo. 
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Setting B\ = f£ ^ b u dB u , we get a time changed Brownian motion with respect to 
the filtration { T B * } . It follows from the construction of V that 



V t >A n <P{t)-B* m = 4>{t) 



4 n 



B 



4>{t) 



which implies that 



since 



lim Vt = +00, P a.s. 



B* 

liui = 0, P a.s. 



(3.9) 



t^Cln+l (f){t) 

Now we estimate the probability that Vt reaches a small negative number — 2~ n ~ 1 e. 
Step 2. Calculate the probability 

P({lo G Q I 3i G [a n ,a n+ i) stic/i i/iaf Vt(w) < -2 _n_1 £}). 

Applying the submartingale inequality, we deduce that 

£n\3t£ [a n ,a n+ i) such that F t (u;) < -2~ n_1 e}) 
= P({cj G n I 3t G [dn.On+i) such that 4T<f>(t) - B* (t) < -2- n_1 e}) 
= P({kj G Q I 3 s G [0, 00) such that 4 n s - B* < -2- n_1 e}) 
< exp{-2 n £ }. 

Step 3. Construct the new solution (Xt, Z£) for all t G [ct n , ct n -^i\ 
Define 



(3.10) 



ti = inf {t > a n I V t 



-n-l 



e} A a 



n+l 



and 



r 2 4 inf {t > a n I X an +V t > Y t } A a n+1 

which are the stopping times when the process X an + Vt touches X an — 2~ n ~ 1 e and Y t 
respectively. It follows from lim^ an+1 Vt = +00 P a.s. that P[t2 < a n +i] = 1- Define 

r 3 = inf{t > n I X Qn - 2" n - 1 e = y t } A a n+1 . 

Now we have three cases 



ti < t 2 , t 3 < a n+1 , put Z' t (u) = b t l {t < T1 } + Z t l {t>T3 y, 
n < t 2 , r 3 = a n+1 , put Z' t (u) = b t l{t< T1 y, 
n > t 2 , put Z' t (u) = M{t<„} + Z t l {t>T2} , 
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(3.11) 



where (Y, Z) is the original bounded solution of the BSDE (g, £). 
Thus we get 

= ^-{ri<T2,T3<a n+ x}(pt^{t<Ti} + ^*l{t>T 3 }) 
+ l{ri<r 2 ,T3=« n+ i}^l{t<ri} 

+ 1 {r 1 >r 2 }(^l{i<r 2 } + Z t\t>n}) ( 3 - 12 ) 

= l{t<riAr 2 }^ + [I{ri<r2,r3<a n+ i,t>r 3 } + l{r 1 >r 2 ,t>T2}]^- (3.13) 

Obviously, Z' is a predictable process. 
Set 

X t = X an + [ g(Z'J du- I Z' u dB u (3.14) 

•/ On Jan 

for all £ 6 [a n , a n +l]- 

Step 4. Some properties of X. 

It follows from the construction that {X t } a7l <t< a „ +1 has the following properties: 
1. X t l{ T2 < Tlt > T2 } = y t i{ T2 < Tit > T2 }; 
2- X t l| T1<T2)T3 > t > T1 | = (X an — 2 1 e)l| T1<T2jT3 > t > T1 }; 

3. x t i{ T1<T2it>T3 } = y 4 i{ ri<T2it>T3 }. 

Therefore, we have 

X an+1 = Y* n +i (1{t2<-ti} + 1 {ri<T2,T3<a n+ i}) 

+ (Xa n — 2 le )l{ri<T2,r3=a n+ i}- (3.15) 

So the induction assumption X Qn < Y Qn implies X an+1 < Y an+1 . It is also clear that 
the new solution X is bounded by || Y +\y\ + e. 

Set A n = {w G f2 | ri < T2, T3 = a n+ i}. Then P(A n ) is the probability that ^ Qn+1 
is not equal to Y an+1 . Prom (|3.10p . we get 

P(A n ) < P{{uj G n I 3t G [a n ,a n+ i) such that Vt(w) < -2~ n " 1 e}) < exp{-2 n e}. 

Since ^2^ =0 exp{— 2 n e] < +00, the Borel-Cantelli Lemma implies that 

P(n£L U k > n A k ) = 0, (3.16) 

which shows X? =Yt = P a.s. 
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To sum up, (X, Z') is indeed a new bounded solution with Xq = y. 

The construction used many different constants. It is clear that this yields infinitely 
many different solutions. □ 

Notice that in the proof we only use the fact that g is superquadratic to guarantee 
that the new solution X is bounded below. This shows if g is at least quadratic , i.e. 
lim^j^oo^j^ > 0, we can construct a process V% such that lim t _ >Q!ri+1 V t = +00 as well. 
Thus we have the following conclusion. 

Corollary 3.1. Suppose g is at least quadratic lim^i^oof^ > and, for £ 6 L°°(J-t), 
Y is a bounded solution of the BSDE (g, £), then for each y < Yq, there exists infinitely 
many solutions X which are bounded above with Xq = y. 



3.3 Non-stability of the solutions 

The monotone stability plays an important role in the study of quadratic BSDEs (See, 
e.g., [12} [3]). Here we shall show that the same type of monotone stability does not 
hold. 

Theorem 3.4. (Non-stability) Suppose lim ;S _ ) , 00 y^ = 00. Then there exists a se- 



con- 



quence of solutions {Y of BSDEs (g, which increasingly and boundedly 

verges to Y such that Y is not a solution of BSDE (g, £), where £ is the L°° limit of 

Proof. It follows from ]xm z - i00 ^^- = 00 that there exists a sequence {zk}kLi 
with \zk\ — ► +00 such that g(zk) > max{16 fc T|zfc| 2 , 2 fc+1 T}. W.l.o.g., we suppose that 
z k > 0. 

Denote a k := \g(zk)~\ where [•] is the ceiling function and put Z k (t) = z^X.fk p 

i—l'-a 

for all < t < T. Then it follows that 

rT {Z k u fdu 
T 

{z k f — < 16~ fc -» 0, for k -» 00. 



-i— t-, 







2 




E 


I Z u dB u 


< 


L 




Jo 







However, we have 
r-t /■/ 



fg{Z k u )du= f^iz^^.^duel 9 -^ (t-(--^)), 9 -^t 

(3.17) 
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which implies 

as k — > oo. 

Define stopping times 



sup 

0<t<T 



f g{Z k )du- 
Jo 



< T k -► 0, 



(3.18) 



= inf jt > | J Z k u dB u \ > 2~ fc } A T 



and 



f = inf fc >ii/ fc . 

Applying the submartingale inequality, we get 



(3.19) 



(3.20) 



P[u k <T] = P 



sup 

0<t<T 



< 4 k E 



Jo 

(J Z k u dB u ) 



k dB u \ > 2~ k 



< 4" 



Thus we get 



P[is = T] = 1 - P[U fc >iH < T}} 



k>i 



> j>0, 



which is due to the selection of sufficient large z k , k > 1. 

Since J2k>i P[ v k < T] < oo, it follows from the Borel-Cantelli Lemma that 

P[r\ n >iU k >n{vk < T}] = 0, 

which means -P[U n >irifc> ra {u k = T}] = 1. It implies that, for almost all u> € $7, there 
exists iV(aj) such that for any A; > N(u), v^u) = T. Thus we have P[f > 0] = 1. 
Define = Jq Au g{Z k ) du — Jq Au Z k dB u . We then deduce that 

i k i 

sup \y t — t A v\ 

0<t<T 



< sup 

0<t<T 

which implies that 



rthv 

\ g{Z k ) du-ttw 
Jo 







rtf\v 


t A v 


+ sup 


/ Z u dB u 




0<t<T 


Jo 



lim sup \y t — t A z/| = 0. 

fc^oo <j<T 
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(3.21) 



(3.22) 



Set 



" - Vt 



+ f>2-( fc - 1 ). 
fe=i 



(3.23) 



Notice that the stopping time i/& is defined such that \ Jq Au Z k dB u \ < 2 k ,\/t € 
[0, T]. Combining (|3.2ip with the definition of z^, we get that 



Y h_ Y k-i 



> 
> 



t Nv-1-T 



tAu + 2-2 



-ffc-l) 



+ 4-2' 



-(fc-i) 



which shows that {Y k } k Li is a nondecreasing sequence. Set £ fc = 1^ for fe > 1. Then 
Y k is a solution of the BSDE (g, It follows from (|3.22[) that Y t k converges to t A v 
as A; — ► oo and £ fc — > f in L°°. However, t A v is not a solution of the BSDE (g, z/) for 
t A f is an increasing process. □ 

Remark 3.4. Although tf\v is not the solution of the BSDE (g, v), it is the dynamic 
utility function of v , i.e. Ut(y) =tf\v. 

Proof. Indeed, setting the measure Q k such that E P [^\r t ] = £(q k ■ B) t where 
It = 9'{z k )l <* k \t_j__t r_Jt A v), we have 



E 



^ V {\j\ q k ?dt}\ <^ V {\(g'(z k )fT) < oo. 



So £(q k ■ B)t is a P-martingale and Q k is well defined. Then 

-T 



U t (H k ) < E Qh C k + / f{q k u )du 



Ft 



Y t * + E QU 
Yt- 



(f( q k u )+g(Z k )-Z k u q k u )du 



u Jt 



F t 



Thus it follows from Lemma O that U t (£ k ) = Y t k . If k tends to infinity, wc get 



Ut{y) =t/\u, 



since £ — > v in L c 



Remark 3.5. v is not minimal since v > wt/i P(i/ > 0) > and C/q(^) = 0. 
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3.4 A solution to BSDE (g, v) 

In the following, we find a bounded solution of BSDE (g, v) where < v < T is a 
stopping time. Of course we can then construct infinitely many bounded solutions for 
the BSDE. 

Step 1. For any y < 0, construct an J 7 — predictable process H which can be 
dominated by t A y{oj) and t A v(oo) + (1 — ^)yo for any t small enough. 

Since g is super quadratic and continuous, we can get an increasing sequence {xi}^ zl 
such that 

g(xi) = i 2 x\ 

for any i > y/a + 1 where a = inf |;r|>o^r and X{ = 1 for any i < \J~a + 1. 

Set k t = xi when t G (52n=i+i S n, Jln=i S n] for i > 1 where 5 n = g ^ )n 2 , and 
ai = T i - is such that Y^n=i = T. 



We then have 

oo 

2 Q l , 

g[xi)i z 
ai 



r-T 00 

/ {k u fdu = y^. 

J o i= i 



< oo. 



Put H t = y + f* g(k u ) du - J* k u dB u . 

Lemma 3.1. There exists fl* C $7 u>i£/i P(fT) = 1 satisfying for any e > and a; £ f2* 
i/iere is i £ (a>) suc/t i/tai, /or any i < t £ (u>), t A ^(a;) + (1 — y)yo < H t (u>). 

Proof. It follows from the law of the iterated logarithm of Brownian motion that 
there exists a set fT, P(Q*) = 1 satisfying: for any e > and lj e ft* there is t £ (u) < v 
such that 



I k u dB u 
Jo 



M < (1 + e)W2 Qf fcg ^ i og i og ^i/ fc 2 du 



for any i < t e (cj). 

Set F(t) = £ - (1 + 6)^2 (jjj fe2 duj log log (l/ jjj fc2 du) - (^) i. Now 

we want to prove F(t) > for t small enough. Calculating the differential of F with 
respect to t, we have, for sufficiently small t, 



F'(t) > g(k t ) - 1 + ^ - 7 fc| (I log log -) 



l\l/2 
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F'(t) > g( Xi ) - 1 + % - jx 2 (- loglog -) 

t \c t c t y 



where 7 = (1 + e)2 _ 2 and c t = f Q k\ du. For t G (E5T=i+i *n, E^=i <*n], we get 

1 \V2 

and 

Ct > k u du 

Jo 

00 

n=i+l 

00 



ai 7; 

n=i+l 



-4 



for i big enough. Thus 



> i 2 ^ - 1 + ^ - 7 zf (^=^ =4 lo § lo S =4) 



x 1/2 



It follows from 



lim 



i 2 



1/2 



= + OO 



that there exist < t < T such that for any t < t , F'(i) > 0. Since F(0) = 0, we 
have, for any t < to, 

F(t) > 0. (3.24) 
Thus for any u> € and < t < t A t e (u), we have 

H t (u) - [t A 1/(0;) + (1 - |)y ] > F(t) > 0. 



Step 2. Since Ht and i A v{uj) are {^tj^o-predictable, we can define stopping 
times: 

r 1 1 ^iiif{t>o|fl t <tAi/+(l- |)y } A T, 
rj 2 =inf{t > 0\H t > t A 1/} AT. 

Define a random time 

2 

Tl - 1 {r 1 1 <T?} r l + ^rJ^jlhk^l-^B} T - y 



+ 1 {r 1 1 >Tf} 1 { V >T 1 2 >^+(l-^)i«,} J 



yo 



+ 1 {r 1 1 >T?} 1 {T 1 a >./} T - 



(3.25) 



It is easy to verify that for any uj G {t\ > r 2 }, t\{uj) A + (1 — ^Y^-)yo = t\ f\v. 

24 



Lemma 3.2. t\ is a stopping time. 

Proof. This is straightforward but for completeness we give a proof. The random 
time T\ is defined by four parts without any intersections. For the first part, it is easily 
verified by 

{l {T i< Tl2} Ti <t} = {r\ < rl) n {r\ < t} e T t . (3.26) 
For the second part, it is necessary to check that 

{rl>rf}n{rf<u + (l-^)y }n{^^T<t}G^. 

It follows from t(l-^)+y <t that 

{f^T<t} = {r 1 2 <t(l-|) +yo }€^ 

which implies that T is a stopping time. 

If w € {4=S T ^ *}> then we have 

Tf(u)<t+(l-^)y <t. 

Thus 

W > rl} n {t? < „ + (l - ^0} n { T 1^T < t) 

= {rl>rnn{rf<t}n{ T I^T<,}n{ T I^T<t} 

= [{r 1 1 >7f}n{ T f<t}]n{|^r<i,At} 

e ^. (3.27) 

For the third part, observe that for any u G {rf > i/+ (1 - f)yo} nl ^^T < i}, 
we have 

i/M-7i 2 H> (|-l)y o >0. 
Combining with v(u) — rf(uj) < — l)yo, we get 

rf(uj) < v(u) < t. 
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Therefore, 

{rl>rf}n{u>r!>u + (l-^)y }n C- T? + y ° T<t} 

= {rl > rl} n K > v + (i - v -) m ] n { v ~ ^ + V0 T < t) 

= (tf > rl) n {rl < t}) n {C^fj > "} n < *}) 
n({r 1 2 + (|-i) yo <4n{ I /<i}) 

G (3.28) 

The fourth part is obviously ^-measurable. Thus from (|3.26p to (|3.28p we get that r\ 
is a stopping time. □ 
Define the predictable process Z on the set {t < r\} as: 

z d{t< T1 } = h\t<rlhTfy ( 3 - 29 ) 
Lemma 3.3. Set X t = yo + J* * g(Z u ) du — f Z u dB u . We have X T1 = r\ Au+(1 — y)uo- 
Proof. The definitions of the stopping times yield that 

l-Tl f-Tl 

x Tl = Vo + g(z u ) du- Z u dB u 
Jo Jo 

= Vo+ g{Z u l{ t < Tl }) du - \ Z u l{ t < Tl ydB u 
Jo Jo 



+ So 9<yk ^ 1 ^ T l AT l 1 i dU ~ j Q kul {t<rl/\rl} dB u 

(vo + J g(k u )du- J k u dB u ^l {r i <T 2 



" 2 \ 

+ (yo+ / g(k u )du- I k u dB u )l {T i> T 2 } 



rl 



rl A v + (1 - -±)y ) l{ T ^<7f } + ( r i 2 A f)l{ T i>7?} 

Ti A V + (1 - j;)Vo) 1 {r 1 1 <r 1 2 } + (r 1 Av+(l- ^)*/ ) ^>r^} 

= ri Au+ (1- j;)y 

which completes the proof. 

Step 3. Consider the solution in the time interval (r\,T). 

Construct H? = r x A v + (1 - ^)y + g(k u - T1 )du - £; u _ Tl for any t > n. 
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Set t = t\ + s where s > 0. We have 



Hi- (tAv+(l--)y 



T\ A v+ (l - ^)y - (i A z/ + (1 - ^)yo) + ^ g{k u ^ T1 )du - j k u ^ T1 dB u 



> / g(k u )du 



Tl+S 



K-tx dB u + —y - s. 



(3.30) 



'o j-n 

Applying the law of the iterated logarithm of Brownian motion to (|3.30p . we get that 
there is a set Q* E f2 with P(Q*) = 1 such that for any e > and there exists 

a s £ (cj) satisfying for all s < s e (u), 

g(k u )du- / k u - n dB u + —y - s 
o Jr\ 1 




J g(k u ) du - (1 + e)y 2 ^ du^j log log ^1/ ^ A;2 ^ + |. yo _ s 
F( S ). 



It follows from (|3T24j) and (EHCl that 

#r 1+ » > (n + «)Ai/H + (l 

for all < s < s £ (cj) A to- 
Then similarly we can define stopping times: 



T\ + S 



(3.31) 



t\ = inf -j t > T\ 



^ 2 <tAz.+ (l-|)y }AT, 



r| = inf {t > n i^ 2 > t A z^} A T, 



(3.32) 
(3.33) 



and a random time 



T2 = lK<rf}72 + 1{t?<t1}1{t. 



■|<^+(l-#)yo}Y" 



^"2 - J/0, 



yo 



+ 1 {^<T a 1 } 1 {«/>7^>I/+(l-*) OT } 



yo 



+ l 



(3.34) 



which is also a stopping time by a similar proof of t\ in Lemma 13.21 
Step 3. Define the random times by transfinite induction. 

The random time r a for some ordinal number a is defined by the following rules: 
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1. r = 0; 

2. If E[r a ] < T, define r* +1 = inf {t > r a \ H? +1 < t A v + (1 - ±)y } A T, 



r^ +1 = inf {t > r a | H? +L > t Au} AT and 

2 

A i 1 i i 1 T a+1 — 2/0 „ 

r a+ i - i {r i +i<r 2 +i} r Q+1 + l{ T 2 +1 <ri +1 }i{r2 +1 < v +(i- ? )j,o} T-y 

, i 1 ^-r^ +1 + j/o 

+ HT 2 a+1 <Tl +1 }hv>T* +1 >v+(l-$)y } 

+ ^r^^jl^^}^ (3-35) 

where # t a+1 = r Q A ^ + (1 - ?f )y + J*4 g(k u ~r a )du - k u - Ta dB u for t > r a . 

3. If (3 is a limit number and satisfies E[r a ] < T, for all a < f3, then = lim a<j a r a . 

We adopt the symbol u% for the first uncountable ordinal and let O be the well ordered 
set of all countable ordinals, i.e. ordinals a < uj\. Define 

A = {a e O | E[t(] < T, for all £ < a}. (3.36) 

Since {^[TaJjcgA is strictly increasing, A is countable and hence there must exist 
(3q with E[rp ] = T, hence Tp = T. 
Define the predictable process Z by 

Z t = k ^ l {r k <t<r k+ rl + ^rl +1 } (3-37) 

0<k</3 

and the stochastic process 

X t = y Q + / </(Z u ) d« - / Z u dB u (3.38) 
jo jo 

for any t £ [0, T]. 

Similarly as lemma (|3.3p . we have 

x r k = n A v + (1 - ^)y 

for any k < (5$. Letting A; tend to (5q, we get Xt = v- 

Therefore, we constructed a solution (A, Z) for the BSDE {g,i>) with Xq = yo < 0. 



28 



Example 3.1. In this example, our goal is to construct a bounded random variable 
Q such that U (£) is a solution of BSDE (g, Q ) and Q is not minimal when g is su- 

t 1 At 2 

perquadratic. Define ( = H t i At 2, then {H^ 1 , ^l{t< r iAr 2 })o<t<T is a solution to the 
BSDE(g, ( )■ It follows that 

U{() = H T 1 AT K 

Indeed, for any t S (0,T], set the probability measure Q l via ^ft- = £(q t ■ B)t with 
9s = 9'(k s )l {t<s<T i AT 2 } . We then have 



E 



exp ( - / \ql\ 2 ds 



o 



- exp (\J f \9'( k s)\ 2 dsj <oo, 



which implies Q 1 ~ P. We deduce that 

rT 



Ut(0 = E Qt 



C+ / f(ql)ds 



Ft 



H? AT \ for anyte(0,T], 



by the same argument of \3. 5\) . Since H TlATl is continuous and t/.(C) is cadlag, we get 
U (0 = Vo- 

However, ( is not minimal since ( > yo with P(( > yo) > and Uo(yo) = yo- □ 



4 Existence of solution to BSDEs in the Marko- 
vian case 

From the last section, we know that the BSDE with superquadratic growth is ill-posed. 
However we will show that in some particular Markovian case, there exists a solution 
for such a BSDE. 

Define the diffusion process X t,x to be the solution to the following SDE: 

dX s = b(s,X s )ds + adB s , t<s<T, 
X s = x, < s < t, 

where b : [0, T] xK" — ► R n is continuously differentiable with respect to x with bounded 
derivative b x , and a : [0, T] — ► W nxd is a constant (matrix). 
Let us consider BSDE flST) with £ = <5>(x!f): 

Y s = $(X^f) - [ T g(Z r ) dr + f Z r dB r , s G [0, T], (4.1) 

J S J S 

29 



where g : R d — ► -R+ is a continuously differentiable convex function with g(0) = 0. We 
suppose it is superquadratic lim^i^^y^ = oo. / : R d — > i? + U {00} is the Fenchel- 
Legendre transform of g: 

f{x) = sup (zx - g(z)), 
zeB d 

then / is also convex and /(0) = 0. 



4.1 Lipschitz case 

Let us first consider the case when $ is sufficiently smooth. 

Theorem 4.1. Suppose that <3> is bounded and Lipschitz. Then there exists a unique 
solution {Y t,x , Z t,x ) to BSDE J^.lp such that both processes Y t,x and Z l ' x are bounded. 
Furthermore, the solution is a dynamic utility function of the following form 



yt,X 
s 



(4.2) 



+ / f(q u ) du 

T 



inf <^ E, 



J Q 



1>(X t /)+ I f{q u )du 
T 



E, 



Q 



f{q u )duF r <2 || $ ||oo,Vr G [0, T] 



for any s G [0, T] . 



Proof. First, let us suppose that G C 1 and that <£ x is bounded. We apply a 
truncation argument to prove the existence of solution. Let us introduce the trun- 
cation function: for an integer N, p N : R lxd -> M+ is smooth, such that V|;z| < N, 
Pn(z) = 1; and V| > N + 1, pn{z) = 0. Then it is obvious that pArg is a bounded 
Lipschitz function. Hence for any N, there exists a unique solution {Y N ^ X 1 Z N ^ X ) to 
the following BSDE: 

r-T r T 



= / (p N g)(Z r )dr+ [ Z r dB r 

J s J s 



(4.3) 



On the other hand, we denote by (F N > t,x , V N ' ,t,x ) the unique solution to the following 
BSDE: 



{pN9)z{Z, l 



N;t,x 
r 



)V r dr + J 



V r dB r 



(4.4) 
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where jj V r dB r means 



I X J » S 



l<i<d Js 

with V % denoting the z-th line of the d x n matrix process V. 
We then have (see, e.g., [H]): 

Z N;t,x = - F N;t,x { y xX t s ,xyl (J _ ^ 

As for any N, (pNg)z{Z N,t,x ) is bounded, we can apply a Girsanov transformation to 
get: 

/•;, V:/ J ' = «l',i.V / / ' iV,.v;:'' + / ' V r N *<* dB?**, (4.6) 

J s 

where B N]t,x is a Brownian Motion under an equivalent probability measure Q N ' ,t,x . 
Taking the conditional expectation with respect to the measure Q N ' ,t)X , one finally 
deduces that 



which implies that 



I TpN;t,x\ ^-u (f. \\ II vr yt,x n 
\ r s I —II ^x \\oo ' || v x y\rp || oa 



rN:t,x\ \T?N:t,XfT-> -v~t,x\— 1_| 

's i = F, l. V a: A s J °1 

< Ik II • II Hoc •e 2 "^ll° cT (4.7) 

:= c. 



The same argument (recall that g(0) = 0) gives us also that 

\Y N ' t ' x \ <|| <£> |U 

1 1 8 I — II llOO * 

Taking N > c, then the solution (Y N '^' X , Z N ' l ' x ) to BSDE (|43]) is actually a solution 
to BSDE flU]) . 

In the case when $ is bounded and Lipschitz, we can also prove, by a standard 
approximation, that there exists a bounded solution (Y* ,:c , Z t,x ) with |Z* ,:C | < c with 
c =|| cr || -L$ • e 2 !! 631 !! 0071 where L$ is the Lipschitz constant of <I>. 

It is routine to prove the uniqueness of the bounded solution (Y t,x , Z t,x ) where Z t,x 
is also bounded. 

Finally, as g z (Z t,x ) is bounded, and 

E QN ., t , x \ [ T f(g z (Z^ x ))du T r ] < 2 || $ Hoc, for N > c, Vr e [0,T]. 

L J r 
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We conclude that Y )X is a dynamic utility function of the form (|4,2p . □ 

Remark 4.1. A new solution (Y, Z) can be constructed by the same technique as before 
with the process Z unbounded. 

We define 

u(t,x) :=Y?' X , (4.8) 

where (Y t,x , Z t,x ) is the unique bounded solution to (14. ip with Z t,x bounded. Since $ 
is Lipschitz, {Y t,x , Z t,x ) is also the unique bounded solution to (|4,3p with N > c. An 
important property is that u(t, x) is deterministic. 

Remark 4.2. It follows from the classical result of Markovian BSDEs that 

Y s t ' x = Y t t > x , Zt>* = 0, fors<t. 

Besides, (Y t,x ,Z t,x ) has the Markov property: 

Y s t > x = u(s,X t s > x ), fors>t. 

Furthermore, we have a uniqueness, a stability theorem and a strict comparison 
theorem for the BSDEs. Thus we get the following proposition. 

Proposition 4.1. Suppose that <3? is bounded and Lipschitz, then u(t,x) defined by 
J^.<g[ j is bounded and continuous on [0, T] x W 1 and a viscosity solution to the PDE: 

u t (t, x) + \trace{aa T u xx (t, x)) + u x (t, x)b(t, x) - g(-u x (t, x)a) = 0, ^ 
u(T,x) = $(x). 

4.2 A Priori estimates of Z 

Now we suppose that both <I> and & x are bounded. Let us first suppose that 6 = and 
n = d, a is the identity to explain our main idea. In this case, Xj, x = x + Bt — Bf. 
Then equation f|4.5j) turns out to be 

gN;t,x _ _pN;t,x 

On the other hand, BSDE (|4.4I) becomes: 



(4.10) 



dZ?*'* = -(p N g) z (Z^ t ' x )V s N -' t ' x ds + V?**dB„ 0<s<T; 



Z^ x = -$ x (x + B T - Bt). 
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This gives the following framework (taking N >|| <& x 



dY s = g(Z s ) ds - Z s dB s ; 

dZ s = -g z (Z s )V s ds + V s dB s ; 

Y T = £e L°°{T T ), Y bounded, 



(4.11) 



where E 



J \Z r \ 2 dr < +00 and f Q \V r \ 2 dr < +00 P a.s. Thus we get special second 



order backward stochastic differential equations (see [5] for a definition). 

Theorem 4.2. In the framework ), suppose there is a solution and 

1) The probability measure Q with = E{g z {Z)B)x is equivalent to P; 

2) Z is a Q-martingale. 
We then have 

\Z S \ <2 || $ Hoo (r-fl)-2, Vfl€[0,T). (4.12) 
Furthermore, if f(g z (-)) '■ ^ d — ► ^ + is convex, we also have: 

f(g z (Z s ))<2H\\ 00 (T-s)-\ VsG[0,T). (4.13) 
Proof. Under the measure Q, we get 

dY s = -f(g z (Z s )) ds - Z s dBf, (4.14) 

where = B s — J Q S gJ(Z r )dr is a Q-Brownian Motion. 

Since Y is bounded and J Q S f{g z {Z r ))dr is an increasing process, it follows from 
Lemma 12.21 that J Q S Z r dB® is a BMO martingale under the measure Q: 



\Z r \ dr 



< 4 II £ II 

— ^ II S OO J 



which implies, by Jensen's inequality, 

\Z s \ 2 (T-s)<4H\\ 2 00 , 



i.e. 



\z s \ <2\\s Hoc (T- S y 

It follows from equation (14.141) that 



Eq 



J T f(g z (Z r ))dr 



-E Q [i-Y s \T s 

< 2 11 e Hoo . 
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If f(g z (-)) is convex, then applying Jensen's inequality, we get 

f(g z (Z s ))<2U\\ 00 (T-s)-\ 



In fact the condition 1) in the theorem is a constraint to make the process {Zt}o<t<T 
not grow so fast as we constructed in the non-uniqueness theorem. In this case, the 
solution is unique. We have the following remark. 

Remark 4.3. Suppose there is a bounded solution Y and the probability measure Q 
with jp = £(g z (Z)B)T is equivalent to P, then the solution is unique and 

rT 



Y„ = Er 



e + ^ f(g z (Z r ))dr 



< s < T. 



Let us consider the original BSDE (|4.1H again. Taking N > c as in the proof of 
Theorem 14. 1\ we deduce the following "general" framework: 

dY s = g(Z s ) ds - Z s dB s , Y T = $(X T ); 

dF s = g z {Z s )V s ds - V s dB s , F T = <S> X (X T )V X X T - (4.15) 
^ Z s = -F s {V x X s )- l a, 
where $ and <& x are bounded. Under the probability measure Q, = B s — J^ g z (Z r )dr 
is a Brownian Motion, and the "general" framework becomes: 

' dY s = -f(g z {Z s )) ds - Z s dB?, Y T = $(X T ); 

dF s = -V s dB?, F T = $ X (X T )V X X T ; (4.16) 

Z s = -F s (V x X s )- x o-. 



Recall that 



from which we deduce 



dV x X s = b x {X s )V x X s ds, 



d{v x x s y l = -{v x x s )- l {dv x x s ){v x x s )- 1 = -(v x x s )- 1 b x (x s )ds. 

Applying Ito's formula, we deduce 

dZ s = -(dF 8 )(V x X a )- 1 a + F a (V 1B X B )- 1 b x (X a )<rd8. 

We suppose that there exists a constant A > such that 

Vtj G K n , \n T aa T bl(x)ri\ < A|r? T a| 2 . 
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(4.17) 



We then have 



d(exp(Xs)Z s ) = X exp(Xs)Z s ds + exp(Xs)F s (V x X s ) 1 b x (X s )a ds + dM s 
= F*(XI-b x (X s ))ads + dM s , 

where M is a Q-martingale and 

F* = -exp(Xs)F s (VX s )-\ 



Finally, 



d\ exp(Xs)Z s \ 2 = d{M) s + 2[A|F>r - F S W V x {X a ){F*y ] ds + dM*, 
where M* is a Q-martingale, hence | ex.p(Xs)Z s \ 2 is a Q-submartingale. 

Proposition 4.2. Let us suppose that $ is bounded and Lipschitz, b and a satisfy 
the assumption \4-.17\ ), and (Y t,x , Z t,x ) is the unique bounded solution to BSDE \4.1\ ). 
Then there exists a constant c\ > such that 



ZT\ < ci || $ Hoc (T-s)—2, VsG [0,T). 



(4.18) 



Proof. First let us consider the smooth case when <3? and $> x are bounded. Since 



Z t,x is of the framework (|4.16|) . from Lemma \'2.'2\ we have 

r-T 



from which we deduce that 



\Z^ x \ 2 dr 



< 4 || $ 



E ( 



As exp {2Xs)\Zr\ 2 is a Q-submartingale, it follows that 



J exp(2Xr)\Z t r ' x \ 2 dr 



< 4exp(2AT) || 3> 



2 

loo 



exp(2As)|Z^| 2 (T - s) < 4exp(2AT) || d> ||^, 



i.e. 

\2% x \ <ci || $ ||oo (T-a)-i, 

where ci = 2exp(AT). 

We can get the same estimate by a standard approximation when <3? is only bounded 
and Lipschitz. □ 

35 



Remark 4.4. As an example, let us take g(z) = \z\ q for q > 2. Since \ exp(Xs)Zl' x \ 2 is 
a Q -submartingale, it is clear that \ ex.p(Xs)Zt' x \ q is also a Q-submartingale for q > 2. 
It follows from {4-11$ that 

|^T<C g || * Hoc (T-s)-\se [t,T), 

where C q > is a constant depending only on q and X. Suppose u is the bounded 
classical solution to the following PDE: 

ut(t,x) + ^trace[aa T u xx (t,x)^j + u x (t, x)b(t) — \u x (t, x)a\ q = 0, ^ ^ 

u(T,x) = 

Since 

ZY = -u x ( S ,XY)(V x X^r l a, Vs G [t,T], 

we deduce that 

\u x (t,x)a\ < (C q || $ W^/^T-ty 1 ^. 



The same type of estimate is given by Gilding et al. in II Of using Bernstein's technique, 
in the case when 6 = and a is the identity. 

4.3 Lower semi-continuous case 

Notice that Z t,x is bounded when <3? is bounded and Lipschitz. The bound, however, 
depends on the Lipschitz constant. The advantage of the estimate in Proposition 14,21 
is that the estimate only depends on || $ W^. This allows us to weaken the hypothesis 
further. 

Proposition 4.3. Let us suppose that <3? is bounded and lower semi- continuous, and b 



an 



d a satisfy the assumption ^4-17] ). Then there exists a bounded solution (Y_ t,x , Z^> x ) 



to BSDE g7?p such that 

\#f I <ci || $ || oc {T-s)-h, Vse[t,T). (4.20) 
Proof. For each integer m > 0, construct the function 

|> m (u) = inf {<3?(p) + m\p - u\ : p 6 R n }. 
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Then <£ m is well defined and globally Lipschitz with Lipschitz constant m. Moreover, 
($ m ) m >o is increasing and converges pointwise to $ with 



<3? Il™< <I> < <I> 



Let (Y m;t ' x , Z m ^ x ) be the bounded solution to BSDE (g, $ m (X%, x )). It follows from 
the classical comparison theorem that 



<ll $ 



and from Proposition 14.2 



<d || 3> Hoc (T-a)-3, s£ [0,T). 
For any fixed T G (0,T), (y m ;*^, ^»it.*) satisfies 



(4.21) 



ym;t, I = ym;t,x_ /" (p M g) (Z™*'*) dr + [ Z™'*'* dB r , VsG[0,T'], (4.22) 



where 



Moreover, by Lemma 127 



M = ci || $ Hoc (T-T'r*. 



< 4 || $ 



The classical stability theorem (see N. El Karoui et al [8J) for Lipschitz generators 
implies 



lim E 



dr 



0. 



So define 



Y l ' x = lim Y 171 '^, = lim Z m ^ x . 

m— >oo m— >oo 



Then by passing to the limit when m —* oo in (|4.22p . we conclude that for any fixed 
r G (0,T), (y*> x , Z*' x ) satisfies 



Y s = Y T , - I g(Z r ) dr+f Z r dB r , Vs G [0, T'], 



(4.23) 



and 



ni <n $ iioo, 



|^- x | 2 dr 



< 4 || <D||L sG[0,T]. 
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On the other hand, we have 

lim Y_l' x > lim Y? > t>x = J> m (X^f) for any m G N, P a.s. 

which implies lim g ^ T Y l f" > $>(Xj?), P a.s. 

Since $ m is bounded and Lipschitz for any m G N, it follows from Theorem 14.11 
that Y_™> l < x < £[$ m (X^f)|.F s ]. We then get 

YaaYY = hm lim Y™^ x 

< lim lim E[$ m {x¥)\F s ] 

s— *T m— >oo 

= P a.s. 

Hence ]im s -+ T Y*> x = *(Xjf ). 

Finally, passing to the limit when T' -> T in P~23j) . we conclude that (Y*' x , 
is a bounded solution to BSDE (|4.ip . By passing to the limit when m — > oo in (14.2ip . 
we derive (|4.20p immediately. □ 

4.4 Bounded and Continuous Case 

In the smooth case, the dynamic utility function is a solution to BSDE (|4.ip by Theorem 
14. 11 This remains true in more general case. 

Proposition 4.4. Let us suppose that <3? is bounded and continuous, and b and a 
satisfy the assumption (L/, 17\ ). Then there exists a bounded solution (Y t,x , Z t,x ) such 
that 

Y^ x = infjtfg + f f(q r )dr\F s ] \q ~ p}. 



Proof. By the same technique as that used in Proposition 14.31 let us define the 
function 

®m{u) = sup{$(p) - m\p — u\ : p G M n } 

for each integer m > 0. Then $ m is also bounded and globally Lipschitz with Lipschitz 
constant m. (& m )m>o is decreasing and converges pointwise to <3? with 

|| $ ||oo> $m > 
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Let (y z m ^ x ) be the solution to BSDE (g, $ m (Jqf )). It follows from the same 
argument as that in Proposition 14.31 that by setting 

Y f ' x = lim r^, Z l ' x = lim" Z m *> x , 

m— »oo m — ►oo 

(Y 1 ^ , Z 1 ^) satisfies (|4.23j) . On the other hand, since 

Y^^<Y s m;t ' x <E[^ m (X^)\T s ], 



we deduce that 



which implies that 



Y l f < Y*> x < E[$(x!F)\F a ], 



lim Yp x = ${X l ' x ). 

Hence (Y f ' x , Z f ' x ) is also a bounded solution to BSDE (g, $(X^f)). Lemma O 
implies that any bounded solution of BSDE is less than or equal to the corresponding 
dynamic utility function, 

Yf* < ess.inf{s Q + £ f(q r )dr\F s ] | Q ~ p}. 

Finally, as 



ess.infj^Q [* m (X^) + y /(g r )dr|jP s ] | Q ~ p} 



and $ m (*£ x ) converges decreasingly to ^(X^), we deduce 

> ess.infj^Q [$(X*f ) + ^ /(g r )dr|^ a ] | Q ~ p}. 

Combining the above, we conclude that the solution Y* ,:c is a dynamic utility function. 

□ 

Notice that we used $ m to approximate $ in the lower semi-continuous case. In 

. + TYl't X 

the continuous case, we can show that both Y_ m] ' x and Y converge to the same 
limit. Now first let us consider the uniformly continuous case. 

Theorem 4.3. Suppose that $ is bounded and uniformly continuous. We then have 

Y*> x = t/ s ($(X*f )) = Yl' x . (4.24) 
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Proof. It follows from the uniform continuity of $ that both (<& m ) m >o and (3> m ) m >o 
converge to <3? with the norm || • W^. 

Indeed, the uniform continuity of $ implies that, for any e > 0, there exists 5 t > 0, 
such that if \p — u\ < (5(e), then 



- *(«)| < e. 



By the definition, we get 



- §t, m (u) = sup{$(n) - - m|p - it| : p 6 M n }. 



But we have 



<3?(u) — ^(p) — m|p — u\ 

- *(p))l{| p - u |«5 e} + (*(«) - $(p))l{|p-«|>* e } - m\p 



_ e + 2'- 



■|p — it | — m|p — «| 



from which we deduce that if m > 2^ 



then 



hence, 



< $(«) - f m (it) < e, Vn e R n , 



lim || $ -$ m 1(00= 0. 

m— +00 



Combining with the convergence of a dynamic utility function and 



Y 



m:t,x 



ess.inf{£ Q [! m (4f ) + J f{q r )dr\F s ] | Q ~ p}, 



we get 



y'/ = t7 a (*(X*f)) = ess.mf{s Q [$(X^) + / f{q r )dr\T a ] | Q ~ p}. 
By the same argument or simply by Proposition 14,41 we have 



Y s t >* = U s (*(X t /)) = Y$ 



Let us now consider the general case: <D is bounded and continuous. 
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Theorem 4.4. Suppose that * is bounded and continuous and f satisfies the assump- 
tion: there exists a constant M such that 



a := min | f(x)} > 0. 
\x\=M l V n 



We then have 



Y*' x = U.^X**)) = Y l f, Vs e [0, T]. 



(4.25) 



(4.26) 



Proof. First, in the special case X^, x = x + Bt — Bt, let us consider y m ' t ' x — y 1 "!*' 1 , 
It follows from (B~2l) that 

1 o 



^-0 



= ess.inf {# Q [* m (X£ x ) + y /(g u ) d«] | Q ~ P, E Q [ J f(q u ) du] < 2 || * } 

-ess.inf{£: Q [$ m (X^)+y f(q u )du]\Q~P,E Q [^ f(q u ) du] < 2 || $ IU } 

< ess.supj^Q [* m (X^) - * m (X^)] \ Q~P,E Q [J T f(q u ) du] < 2 || $ }. 
Denoting * m — * m as $ m , then ^ m is continuous. We then analyze 

^ m (x + B T -B t ) = ^ m (x + B® - B? + y fcdwj, 
in three parts. First, we have, for iV > M, 

e q [* ro (x + - b? + y 9tt d«) i {l ; t 9udu|>7V} 

< 2 || $ IU q({| y g n du| > iV}) 

Combining with 



E Q[\ f^Qudu]] 



N 



< En 



q u du 



< MT + Er 



1u\^{\q u \<M} du 

T M 







+ Eq 


y \lu\l{\q u \>M}du 



a 



f{lu)^{\q u \>M} du 



< MT + 2- 



M 



a 



we deduce that 



E, 



Q 



+ B+- B,* + / Qudu)l {l f r qudul>N} 
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< 



where c\ > is a constant. Second, we have 

rT 



Eq [* m (x + B® - B? + J q u duj 1 



{\BQ-B?\>N,\fT qud u\<N}_ 



< 2 || $ 
£2 
N 



E Q [\B?-E?\ 
N 



where C2 > is a constant independent of Q and m. Third, we have 

cT 



X + B^-BY + 



l {\B^-Bf\<N,\^ q u du\<N}_ 



< sup * m (y). 

|j/|<|x|+2JV 



It follows from the preceding three estimates that 

E Q [V m (x + B T - B t )\ < + sup * m (y), 



N 



|y|<|x|+2JV 



which implies that 



lim" (Y? ;t,x - Y™'*'*) < Tim" 

m— >oo m— >oo L 



Cl + C 2 

iV 



+ sup ^m{y) 

\y\<\x\+2N 



Cl + c 2 
iV ' 



Since Y™' ,t,x - Y™ ;M > 0, by letting TV tend to oo, we deduce that 



z—t,X _ t,X 

1 o — ^Lo • 



Combining with the Markov property of Y t,x and Y^' x , we conclude that Y 
for any < s < T. 

Notice that essentially we have made use of the simple fact that 

lim sup * m (y) = 0, 

m ^°°\y\<c 

where c is a constant. So in the general case, 

X l f = x + J' b(u, X\f) du + a (b? - B? + J' q u du^j , 
since b is Lipschitz, applying Gronwall's inequality, we get 

\X^ X \ < sup \X t s ' x \<C\l + [ \q u \du+ sup \Bf-B?\), 

t<s<T y Jt t<s<T J 
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where C > is a constant. Hence the same proof works. □ 
Now we define 

u m (t,x) , = Y^^\ u m (t,x) ~Y_T^ X , 

and 

u(t,x):=U t ($(X%*)). (4.28) 

We have the following theorem. 

Theorem 4.5. Suppose that <5 is bounded and continuous and f satisfies the assump- 
tion: there exists a constant M > such that 

a := min {f(x)} > 0; 
\x\=M 



and that b and a satisfy the assumption (f^.iTp , Then u(t,x) defined by \^.28 ) 



is 



a bounded and continuous deterministic function on [0, T] x R n and it is a viscosity 
solution to PDE OTPD. 



Proof. Theorem 14.41 implies that {u m (t, x)}™ =1 (resp. {u m (t, x)}^ =1 ) converges 
decreasingly (resp. increasingly) to u(t,x). Combining with the continuity of it Tri (i,a;) 
and u m (t,x), we deduce that u(t, x) is continuous. 

By Dini's theorem, they converge to u uniformly in any compact set. This implies 
that u is a viscosity solution by the stability theorem of viscosity solutions to PDEs 
(see, e.g., [§]) . □ 
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